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Abstract 
$VVHVVPHQW RI ORQJWHUP VWDELOLW\ RI LQMHFWHG &2 IRU JHRORJLFDO VWRUDJH UHTXLUHV D FHUWDLQ OHYHO RI G\QDPLF
PRGHOOLQJ LQFOXGLQJJHRFKHPLFDOPRGHOOLQJRI IOXLGURFN LQWHUDFWLRQV WULJJHUHGE\ WKH LQMHFWHG&2 LQJHRORJLFDO
IRUPDWLRQV2QH RI WKH NH\ RXWFRPHV RI D JHRFKHPLFDO VLPXODWLRQ LV WKH SUHGLFWHG SRURVLW\ FKDQJHV'HFUHDVLQJ
SRURVLW\ LPSOLHVDQRYHUDOOSOXJJLQJRI WKHSRUHV\VWHPDQG WKHUHIRUHSUREDEO\D UHGXFWLRQ LQSHUPHDELOLW\ZKLOH
LQFUHDVLQJSRURVLW\LPSOLHVWKHSRVVLELOLW\RIWKHRSHQLQJXSRIIORZSDWKV7KHUHIRUHWKHSUHGLFWHGSRURVLW\FKDQJH
LVDQLPSRUWDQWLQGLFDWRUIRUVHOIKHDOLQJYHUVXVVHOIDFFHOHUDWLQJEHKDYLRXURISRWHQWLDO&2OHDNSDWKV
%DVHGRQSURMHFWVWXGLHVDQGQDWXUDODQDORJXHFRPSDULVRQVVHYHUDOHDV\WRXVHPHWULFVDQGFURVVFRUUHODWLRQVDUH
GHYHORSHGLQWKLVSDSHU7KLVLVGRQHE\VWDUWLQJIURPDPDVVEDODQFHDQDO\VLVDQGUHZULWLQJLWDVDYROXPHEDODQFH
DQDO\VLVSOXVFRUUHFWLRQWHUPV,QWKLVZD\SRURVLW\FKDQJHVFDQEHULJRURXVO\VSOLWXSLQGLVWLQFWFRQWULEXWLRQVIURP
VDOLQLW\FKDQJHVGHQVLW\FKDQJHVDQGGHPLQHUDOLVDWLRQRI&2DQG+2%\FURVVFRUUHODWLQJWKHSRURVLW\FKDQJHV
WRWKHVHFRQWULEXWLRQVXVLQJ&&6FDVHVWXGLHVDQGQDWXUDODQDORJXHVH[DPSOHVFRYHULQJDZLGHUDQJHRIVHWWLQJV
VXFK DV DTXLIHUJDV ILHOG JHRJUDSKLF ORFDWLRQ JHRFKHPLFDO UHDFWLRQSDWKV VDOLQLW\ WHPSHUDWXUH GLVWLQFW SDWWHUQV
DQG UXOHV RI WKXPE HPHUJH 7KH PHWKRGRORJ\ DQG UHVXOWLQJ FURVVFRUUHODWLRQV FDQ EH DSSOLHG DV D TXLFN DQG
SRZHUIXOVDQLW\FKHFNRQJHRFKHPLFDOPRGHOOLQJUHVXOWV
7KHNH\FRQFOXVLRQVWKDWFDQEHGUDZQIURPWKLVZRUNDUH
x 7KHDPRXQWRIPLQHUDOLVHG&2LVDUHDVRQDEOHSUHGLFWRUIRUWKHSRURVLW\FKDQJH
x 7KHDPRXQWRIPLQHUDOLVHG+2DQGWKHGHQVLW\FKDQJHFDQEHVLJQLILFDQWFRQWULEXWRUVWRWKHSRURVLW\FKDQJHEXW
ZLWKRXWWDNLQJLQWRDFFRXQWPLQHUDOLVHG&2DUHSRRUSUHGLFWRUVIRUWKHSRURVLW\FKDQJH
x 7KHVDOLQLW\FKDQJHLVRQO\DPLQRUFRQWULEXWRUWRWKHWRWDOSRURVLW\FKDQJH



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7KHPDLQFRQFOXVLRQLVWKDWWKHSRURVLW\LVOLNHO\WREHUHGXFHGLI&2LVPLQHUDOLVHG7KLVVKRXOGEHFRQVLGHUHGD
UXOHRIWKXPE([FHSWLRQVDUHSRVVLEOHLQ WKHGDWDVHWXVHGLQWKLVSDSHURXWRIFDVHVDQGWKHH[FHSWLRQZDV
FDXVHG E\ ODUJH GHQVLW\ GLIIHUHQFHV EHWZHHQ GLVVROYHG DQG SUHFLSLWDWHGPLQHUDOV )RU QHZJHRFKHPLFDO5HDFWLYH
7UDQVSRUW0RGHOOLQJVWXGLHV LW LVDGYLVDEOH WRFKHFNKRZWKHFDOFXODWHGSRURVLW\FKDQJHILWVRQ WKHJHQHUDO WUHQGV
SUHVHQWHGLQWKLVVWXG\HVSHFLDOO\WKHFRUUHODWLRQWRPLQHUDOLVHG&2,WLVKLJKO\DGYLVDEOHWRVFUXWLQLVHH[FHSWLRQV
DQGWRXQGHUVWDQGWKHLUURRWFDXVHV7KHURRWFDXVHPLJKWEHDSK\VLFDOSURFHVVOLNHIRUWKHH[FHSWLRQRXWRI
FDVHVZHVWXGLHGEXWLWFRXOGDOVRSRLQWWRDQHUURULQWKHJHRFKHPLFDOPRGHOVHWXSRULQWKHPRGHOSRVWSURFHVVLQJ


7KH$XWKRUV3XEOLVKHGE\(OVHYLHU/WG
6HOHFWLRQDQGSHHUUHYLHZXQGHUUHVSRQVLELOLW\RI*+*7
Keywords:&&6JHRFKHPLVWU\5HDFWLYH7UDQVSRUW0RGHOOLQJSRURVLW\
1. Introduction
*HRFKHPLFDOPRGHOOLQJLQWKHFRQWH[WRIJHRORJLFDOVWRUDJHRI&&6FDQEHDUDWKHUFRPSOH[H[HUFLVHZLWKPDQ\
PRGHOOLQJ FKRLFHV DQG DVVXPSWLRQV DQG ODUJH XQFHUWDLQWLHV LQ YDULRXV LQSXW SDUDPHWHUV VXFK DVPLQHUDO YROXPH
IUDFWLRQVPLQHUDOVROXELOLWLHVDQGNLQHWLFUDWHSDUDPHWHUVIRUGLVVROXWLRQDQGRUSUHFLSLWDWLRQ7KLVLVHYHQPRUHVR
WKH FDVH LI WKH JHRFKHPLFDO PRGHO LV FRXSOHG WR IOXLG IORZ LH 5HDFWLYH 7UDQVSRUW 0RGHOOLQJ ZKLFK LV RIWHQ
QHHGHG IRU PRUH GHWDLOHG VWRUDJH VLWH DVVHVVPHQWV RU IRU PRGHOOLQJ LQ WKH FRQWH[W RI FRQIRUPDQFHFRQWDLQPHQW
PRQLWRULQJ WRHQVXUH ORQJ WHUP LQWHJULW\RI WKH&2VWRUDJHVLWH'XH WR LWVFRPSOH[LW\ WKHPRGHOOLQJ LVSURQH WR
HUURUVDQGWKHPRGHOUHVXOWVDUHQRWDOZD\VHDV\WRXQGHUVWDQG7KHUHIRUHWKHUHLVDQHHGIRUVLPSOHPHWKRGVWKDW
FDQEHXVHGIRU4XDOLW\&RQWURORIWKHPRGHOOLQJUHVXOWV,QWKLVSDSHUDIRUPDOLVPWRGRVRLVGHYHORSHGLQVHFWLRQ
DQG WKH IRUPDOLVP LV WHVWHG RQ SUHYLRXV PRGHOLQJ VWXGLHV DQG QDWXUDO DQDORJXH ZRUN LQ VHFWLRQ &RQFOXVLRQV
HPHUJLQJIURPWKLVDUHKLJKOLJKWHGLQVHFWLRQ
2. Porosity bookkeeping
7KHPDVVEDODQFHHTXDWLRQIRUPLQHUDODOWHUDWLRQVUHDGVIRUDIL[HGEXWDUELWUDU\HQFORVHGURFNYROXPH

   σ ܯ௦ǡ௜ ȉ ο݊௦ǡ௜୧ െ σ ܯ௝  ȉ ο ௝݊୨ ൌ Ͳ 

,Q WKLV HTXDWLRQUXQV RYHU DOO PLQHUDOV WKH RQHV LQLWLDOO\ SUHVHQW SOXV DQ\ QHZ SUHFLSLWDWHVUXQV RYHU DOO
SULPDU\ FRPSRQHQWVLQFOXGLQJ+2 DQG&2 UHVLGLQJ LQ WKH IOXLGV LH DTXHRXV DQGRU JDV SKDVHVୱǡ୧LV WKH
PRODUPDVVRIPLQHUDOWKHVXEVFULSWµ¶VWDQGVIRUVROLG୨LVWKHPRODUPDVVRISULPDU\FRPSRQHQWοୱǡ୧LVWKH
FKDQJH LQ DEXQGDQFH QXPEHU RI PROHV RI PLQHUDO   DQG ο୨ LV WKH DPRXQW QXPEHU RI PROHV RI SULPDU\
FRPSRQHQWWKDWLVPLQHUDOLVHGLHPRYLQJIURPWKHIOXLGVLQWRWKHPLQHUDOVοୱǡ୧DQGο୨FDQEHSRVLWLYH]HUR
RUQHJDWLYH(JLIοୌమ୓LVQHJDWLYHWKHQ+2LVUHOHDVHGIURPWKHPLQHUDOVGXULQJWKHUHDFWLRQV




7KHWHUPLQRORJ\SULPDU\FRPSRQHQWVLVXVHGIRUWKHPLQLPXPQXPEHURIEXLOGLQJEORFNVWKDWPDNHXSWKHURFNDQGEULQH7KHUHLVVRPH
IUHHGRPLQWKHVHOHFWLRQRIWKHSULPDU\FRPSRQHQWV$QDWXUDOFKRLFHZRXOGEHWKHFKHPLFDOHOHPHQWV&+21D&O&DHWFEXWRQHFDQ
FKRRVHDGLIIHUHQWVHWOLQHDUFRPELQDWLRQVRIWKHFKHPLFDOHOHPHQWVZKLFKPD\EHPRUHFRQYHQLHQWEHFDXVHLWDOORZVWRFKRRVHQDWXUDOO\
RFFXUULQJPROHFXOHVRULRQVDVWKHSULPDU\FRPSRQHQWV,QWKLVSDSHU&2+2+1D&O&D«DUHXVHGDVSULPDU\FRPSRQHQWV7KH
HOHFWURQHFDQEHLJQRUHGEHFDXVHWKHWRWDOV\VWHPKDVQHDUO\]HURFKDUJHDQGLQDQ\FDVHWKHHOHFWURQKDVYHU\ORZPDVV7KHPDVV
GLIIHUHQFHVFRUUHVSRQGLQJWRELQGLQJHQHUJLHVDUHH[WUHPHO\VPDOOVRWKDWWRYHU\KLJKDFFXUDF\WKHFRPSRQHQWPDVVHVDUHDGGLWLYHHJWKHPDVV
RI&D&2FDQEHFDOFXODWHGDVWKHPDVVRI&DSOXVWKHPDVVRI&2SOXVWKHPDVVRI+2PLQXVWZLFHWKHPDVVRI+
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,WLVXVHIXOWRGLYLGHWKHPLQHUDOVLQWKUHHVHWV
x 0LQHUDOVHWܣQHWGLVVROYLQJPLQHUDOVNetGLVVROYLQJ LVGHILQHGDVο݊௦ǡ௜ ൏ Ͳ7KLVPD\ LQFOXGHPLQHUDOV
WKDWSHUKDSVDUHILUVWGLVVROYLQJDQGWKHQSUHFLSLWDWLQJRUWKHRWKHUZD\DURXQGDVORQJDVWKHFXPXODWLYH
FKDQJHLVQHJDWLYH
x 0LQHUDOVHWܤQHWSUHFLSLWDWLQJPLQHUDOVNetSUHFLSLWDWLQJLVGHILQHGDVο݊௦ǡ௜ ൐ Ͳ
x 0LQHUDOVHWܥQHWXQUHDFWLYHPLQHUDOVNetXQUHDFWLYHLVGHILQHGDVο݊௦ǡ௜ ൌ Ͳ
0RUHRYHU LW LVFRQYHQLHQW WRZULWHୱǡ୧LQ WHUPVRIPLQHUDOGHQVLW\ ɏ୧DQGPLQHUDOPRODUYROXPH ୧ DQG WR
GHILQH WRWDO YROXPH FKDQJH WRWDO PDVV FKDQJH DQG DYHUDJH PLQHUDO GHQVLW\ IRU WKH QHW GLVVROYLQJ DQG QHW
SUHFLSLWDWLQJPLQHUDOVDVIROORZV

   ο ஺ܸ ൌ െσ ௜ܸ ȉ ο݊௦ǡ௜௜א஺  , 
   ο݉஺ ൌ െσ ߩ௜ ȉ ௜ܸ ȉ ο݊௦ǡ௜௜א஺  , 
   ߩ஺ ൌ ο௠ಲο௏ಲ  , 
   ο ஻ܸ ൌ σ ௜ܸ ȉ ο݊௦ǡ௜௜א஻  , 
   ο݉஻ ൌ σ ߩ௜ ȉ ௜ܸ ȉ ο݊௦ǡ௜௜א஻  , 
   ߩ஻ ൌ ௠ಳ௏ಳ  . 
6XEVFULSW$LVIRUDOOGLVVROYLQJPLQHUDOV%SUHFLSLWDWLQJPLQHUDOV1RWHWKDWLQ6,XQLWVο୅DQGο୆KDYHXQLW
Pο୅ DQGο୆ KDYH XQLW NJοୱǡ୧ KDV XQLW PRO୧ KDV XQLW PPRO DQGɏ୅ ɏ୆ DQGɏ୧ KDYH XQLW NJP %\
GHILQLWLRQο୅DQGο୅DUHSRVLWLYHRU]HURGXHWRWKHPLQXVVLJQVLQHTXDWLRQVDQG$OVRQRWHWKDWο୅
PD\EHVPDOOHUWKDQWKHLQLWLDODPRXQWRIQHWGLVVROYLQJPLQHUDOVZKLFKLVGHILQHGDV୅ ൌ σ ୧ ȉ ୱǡ୧୧א୅ ZKHUHୱǡ୧
LV WKH LQLWLDO DPRXQW RI PLQHUDO )RU H[DPSOH VRPH PLQHUDOV PD\ QRW EH FRPSOHWHO\ GLVVROYLQJ RU DUH ILUVW
GLVVROYLQJDQGODWHUSDUWO\UHSUHFLSLWDWLQJ
)LQDOO\LWLVFRQYHQLHQWWRVSOLWXSWKHVXPRYHUWKHSULPDU\FRPSRQHQWVVHFRQGWHUPLQHTXDWLRQLQ&2
+2DQGWKHUHVW7KHUHDVRQIRUGRLQJWKLVLVWKDWWKHIOXLGSKDVHVDTXHRXVSKDVHDQGJDVSKDVHSURYLGHDQDPSOH
VRXUFHIRUWKHVHFRPSRQHQWVFRQYHUVHO\LI&2RU+2LVSURGXFHGE\DPLQHUDOUHDFWLRQWKHIOXLGSKDVHVKDYHD
YHU\KLJKXSWDNHFDSDFLW\RI WKHPGXHWRFRPSOHWHPLVFLELOLW\7KLVLVGLIIHUHQWIRUWKHRWKHUSULPDU\FRPSRQHQWV
+1D&O&DHWFWKHFDSDFLW\IRUWKHIOXLGVWRDFWDVVRXUFHRUVLQNIRUWKHVHFRPSRQHQWVLVPXFKORZHUWKDQIRU
&2 DQG +2 GXH WR WKH  UHODWLYHO\ ORZ VROXELOLW\ RI +  1D &O &D HWF LQ WKH DTXHRXV SKDVH DQG WKHLU
SUDFWLFDOO\]HURVROXELOLW\LQWKHJDVSKDVH
8VLQJHTXDWLRQVHTXDWLRQFDQEHUHZULWWHQDVIROORZV

   ο ஻ܸ െ ο ஺ܸ ൌ ெ಴ೀమȉο௡಴ೀమఘಲ ൅
ெಹమೀȉο௡ಹమೀ
ఘಲ ൅
σ ெౠᇲȉο௡ౠᇲౠᇲ
ఘಲ ൅
ఘಲିఘಳ
ఘಲ ȉ ο ஻ܸ ,  

ZKHUHσ ୨ᇱ UXQVRYHUDOOSULPDU\VSHFLHVH[FHSW+2DQG&2LHDOOZDWHUVROXWHVH[FHSW&2,QWKHDEVHQFHRI
JHRPHFKDQLFDONQRFNRQHIIHFWVFRPSDFWLRQRUGLODWLRQGXH WRSRUHSUHVVXUHFKDQJHVRUGXH WRURFNZHDNHQLQJ
WKHWRWDOYROXPHPLQHUDOYROXPHSRUHYROXPHLVFRQVWDQWGXULQJWKHUHDFWLRQDQGWKHSRURVLW\FKDQJHHTXDOV

   οɔ ൌ ο௏ಲିο௏ಳ௏ೞǡబା௏బ ൌ
ο௏ಲିο௏ಳ
ο௏ಲ ȉ
ο௏ಲ
ୋୖ୚ , 

ZKHUH*59LVWKHJURVVURFNYROXPHPLQHUDOYROXPHIOXLGYROXPHLH
 ൌ ୱǡ଴ ൅଴ZKHUHୱǡ଴LVWKHLQLWLDO
WRWDO PLQHUDO YROXPH ୱǡ଴ ൌ σ ୧ ȉ ୱǡ୧୒୧ୀଵ  DQG଴LV WKH LQLWLDO IOXLG YROXPH %\ GHILQLWLRQ RI SRURVLW\଴ ൌɔ଴ ȉ

ZLWKɔ଴EHLQJWKHLQLWLDOSRURVLW\
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6XEVWLWXWLRQRIHTXDWLRQLQWRHTXDWLRQOHDGVWRWKHILQDOUHVXOW

   ο߮ ൌ ο߮஼ைమ ൅ ο߮ுమை ൅ ο߮ୗ ൅ ο߮஡ , 
   ο߮஼ைమ ൌ െ
ெ಴ೀమ
ఘಲ ȉ
ο௡಴ೀమ
ୋୖ୚  , 
   ο߮ுమை ൌ െ
ெౄమో
ఘಲ ȉ
ο௡ౄమో
ୋୖ୚  , 
   ο߮ୗ ൌ െσ ெౠᇲȉο௡ౠᇲౠᇲఘಲȉୋୖ୚ ൌ ο ȉ
ఝబȉௌೢǡబ
ఘಲ  , 
   ο ൌ െσ ெౠᇲȉο௡ౠᇲౠᇲ ௏ೢ ǡబ  , 
   ο߮஡ ൌ ௠ಳୋୖ୚ ȉ ቀ
ଵ
ఘಲ െ
ଵ
ఘಳቁ , 

ZKHUH୵ǡ଴LVWKHLQLWLDODTXHRXVSKDVHVDWXUDWLRQDQG୵ǡ଴LVWKHLQLWLDODTXHRXVSKDVHYROXPHLH଴ ȉ ୵ǡ଴
1RWHWKDWοେ୓మ 
Τ LVWKHDPRXQWRIPLQHUDOLVHG&2SHUXQLWJURVVYROXPHRIURFNDQGVLPLODUO\οୌమ୓ 
Τ 
LV WKH DPRXQWRIPLQHUDOLVHG+2SHUXQLW JURVV YROXPHRI URFNο୅ 
Τ LV WKH QHW GLVVROYLQJ YROXPH IUDFWLRQ
ZLWKUHVSHFWWRJURVVURFNYROXPH
7KHLQWHUSUHWDWLRQRIοUHTXLUHVVRPHGLVFXVVLRQ%\GHILQLWLRQHTXDWLRQLWLVWKHWRWDOPDVVFKDQJHRIDOO
RI WKH VROXWHV H[FHSW&2 QRUPDOLVHGE\ WKHRULJLQDO EULQH YROXPH7KHUHIRUH LW LV UHODWHG WR WKHEULQH VDOLQLW\
FKDQJHZLWKVDOLQLW\GHILQHGDVWRWDOGLVVROYHGVROLGVPDVVSHUEULQHYROXPHKRZHYHUZLWKWKHEULQHYROXPHLQWKH
GHQRPLQDWRUNHSWIL[HGDWWKHLQLWLDOEULQHYROXPH,WFDQEHUHZULWWHQDVDWUXHVDOLQLW\FKDQJHSOXVDFRUUHFWLRQWHUP
DVIROORZV
   ο ൌ ଵ െ ଴ ൅ ൬ ଵ௏ೢ ǡబ െ
ଵ
௏ೢ ǡభ൰ ȉ σ ܯ୨ᇱ ȉ ݊୨ᇲǡଵ୨ᇱ  , 
   ଵ ൌ
σ ெౠᇲȉ௡ౠᇲǡభౠᇲ
௏ೢ ǡభ  , 
   ଴ ൌ
σ ெౠᇲȉ௡ౠᇲǡబౠᇲ
௏ೢ ǡబ  , 
ZKHUH݊୨ᇲǡ଴LVWKHDPRXQWRISULPDU\FRPSRQHQWᇱUHVLGLQJLQWKHIOXLGVZLWKLQWKHURFNYROXPHEHIRUHWKHUHDFWLRQV
୵ǡଵFDQEHFKRVHQDUELWUDULO\LWFDQFHOVRXWLQHTXDWLRQEXWIRUWKHLQWHUSUHWDWLRQLWLVFRQYHQLHQWWRFKRRVHLW
WREHWKHDTXHRXVSKDVHYROXPHZLWKLQWKHVHOHFWHGURFNYROXPHDIWHUWKHUHDFWLRQV7KHV\PERO݊୨ᇲǡଵLVULJRURXVO\
GHILQHGDV
   ݊୨ᇲǡଵ ൌ ݊୨ᇲǡ଴ െ ο݊୨ᇱ . 
1RWHWKDWWKHPLQXVVLJQDULVHVGXHWRWKHHDUOLHUVLJQFRQYHQWLRQο݊୨ᇱLVQHJDWLYHLIWKHSULPDU\FRPSRQHQW݆ԢLV
UHOHDVHGIURPWKHPLQHUDOV
)RUWKHLQWHUSUHWDWLRQRIοWKHIROORZLQJSRLQWVDUHLPSRUWDQW
x 6LQFHWKHVXPPDWLRQσ ୨ᇱ H[FOXGHV+2DQG&2LWRQO\UXQVRYHUSULPDU\FRPSRQHQWVWKDWDUHIRUDOO
SUDFWLFDOSXUSRVHVLQVROXEOHLQWKHJDVSKDVHWKHUHIRUHWRYHU\JRRGDSSUR[LPDWLRQLWFDQEHDVVXPHGWKDW
WKHDPRXQWV݊୨ᇲǡଵDQG݊୨ᇲǡ଴RQO\UHVLGHLQWKHDTXHRXVSKDVH7KHUHIRUH݊୨ᇲǡ଴LVWKHDPRXQWRISULPDU\
FRPSRQHQWᇱUHVLGLQJLQWKHaqueous phaseZLWKLQWKHURFNYROXPHEHIRUHWKHUHDFWLRQV
x %\GHILQLWLRQHTXDWLRQ݊୨ᇲǡଵLVWKHVXPRIWKHDPRXQWRISULPDU\FRPSRQHQWᇱUHVLGLQJLQWKHIOXLGV
ZLWKLQWKHVHOHFWHGHQFORVHGURFNYROXPHEHIRUHWKHUHDFWLRQVSOXVWKHDPRXQWUHOHDVHGIURPWKH
PLQHUDOV,IWKHVHOHFWHGURFNYROXPHKDVFORVHGERXQGDU\FRQGLWLRQVWRWKHDTXHRXVSKDVHWKHQ݊୨ᇲǡଵHTXDOV
WKHDPRXQWRISULPDU\FRPSRQHQWᇱUHVLGLQJLQWKHIOXLGVWRYHU\JRRGDSSUR[LPDWLRQDTXHRXVSKDVH
ZLWKLQWKHURFNYROXPHDIWHUWKHUHDFWLRQV+RZHYHULIWKHUHLVDTXHRXVIOX[DFURVVWKHERXQGDU\WKHQWKLV
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LVQRWFRUUHFWDQ\PRUHEHFDXVHVRPHRIWKHVROXWHVFDQEHFDUULHGLQRURXWRIWKHVHOHFWHGURFNYROXPH
,QFRQFOXVLRQWKHSRURVLW\FKDQJHο߮ୗHTXDWLRQFDQEHLQWHUSUHWHGWRVWHPIURPWKHµVDOLQLW\FKDQJH¶
ଵ െ ଴LQHTXDWLRQZLWKWKHIROORZLQJFDYHDWV
x ଵ െ ଴UHSUHVHQWVRQO\WKHWUXHVDOLQLW\FKDQJHLQWKHDEVHQFHRIDTXHRXVIOX[DFURVVWKHERXQGDU\RI
WKHVHOHFWHGURFNYROXPHLHFORVHGV\VWHPIRUWKHDTXHRXVSKDVH
x 7KHUHLVDOZD\VDFRUUHFWLRQWHUPWKLUGWHUPRQWKHULJKWKDQGVLGHRIHTXDWLRQVWHPPLQJIURPD
FKDQJHLQDTXHRXVYROXPHLHFKDQJHLQZDWHUVDWXUDWLRQ)RUH[DPSOHWKHZDWHUVDWXUDWLRQPD\
UHDFKHYHQWXDOO\GXHWRFRPSOHWH&2GLVVROXWLRQDQGRUPLQHUDOLVDWLRQ$OVRGU\RXWHIIHFWV
+2WUDQVIHUIURPWKHDTXHRXVSKDVHWRWKHJDVSKDVHOHDGVWRZDWHUYROXPHFKDQJHVKRZHYHUWKLV
HIIHFWZLOOEHVPDOOLIWKHDQDO\VLVLVDSSOLHGWRWKHHQWLUHURFNYROXPHFRQWDFWHGE\&2WKHYROXPHRI
WKHGU\RXWUHJLRQEHLQJYHU\VPDOOFRPSDUHGWRWKHYROXPHRIWKH&2SOXPHGXHWRORZVROXELOLW\RI
+2LQWKHJDVSKDVH
)RU WKH UHPDLQGHU RI WKLV SDSHU WKH LQWHUSUHWDWLRQ RIοGRHV QRW UHDOO\PDWWHU 7KH UHDVRQ LV WKDW LQ WKH FDVH
H[DPSOHVοLV VLPSO\FDOFXODWHG IURPHTXDWLRQ ZLWKRXWDWWHPSWLQJ WR UHODWH LW WR WKHDFWXDO VDOLQLW\FKDQJH
REVHUYHGSUHGLFWHGLQWKHFDVHH[DPSOHV
3. Application
,QWKLVVHFWLRQWKHPDJQLWXGHRIWKHIRXUFRQWULEXWLRQVWRοɔLVLOOXVWUDWHGXVLQJWKHIROORZLQJFDVHH[DPSOHV
 6OHLSQHUFDSURFN1RUZD\HTXDWLRQVDFDQGILJXUHLQ>@VLPXODWHGIRU\HDUVEDWFKPRGHO
 8.SURMHFWUHVHUYRLUURFN)LJDLQ>@VLPXODWHGIRU\HDUVEDWFKPRGHO
 8.SURMHFWUHVHUYRLUURFNZLWKGDZVRQLWHSUHFLSLWDWLRQGLVDEOHGVLPXODWHGIRU\HDUVEDWFKPRGHO
 8.SURMHFWFDSURFN)LJELQ>@VLPXODWHGIRU\HDUVEDWFKPRGHO
 0RQWPLUDO QDWXUDO DQDORJXH )UDQFH >  @ .$O6L2 .)HOGVSDU&2+2&Dĺ.
6L2VLOLFD&D&2FDOFLWH$O6L22+NDROLQLWH0RQWPLUDO)UDQFH>@
 9HUW OH *UDQG ILHOG QDWXUDO DQDORJXH )UDQFH > @ &D$O6L2 DQRUWKLWH &2  +2 ĺ &D&2
FDOFLWH$O6L22+NDROLQLWH
 6W -RKQV6SULQJHUYLOOH QDWXUDO DQDORJXH >@86$1D$O6L2 DOELWH +2&2ĺ1D$O&22+
GDZVRQLWH6L2VLOLFD
 2WZD\EDVLQQDWXUDODQDORJXH$XVWUDOLD>@0J$O6L22+FKORULWH&D&2FDOFLWH&2
ĺ&D0J&2GRORPLWH$O6L22+NDROLQLWH6L2VLOLFD+2
 2WZD\EDVLQQDWXUDODQDORJXH$XVWUDOLD>@&D$O6L2ā+2ODXPRQWLWH&2ĺ&D&2FDOFLWH
$O6L22+NDROLQLWH6L2VLOLFD+2
 .DSXQLJDVILHOGQDWXUDODQDORJXH1HZ=HDODQG>@DOVR2WZD\>@)H0J$O6L22+FKORULWH
&2ĺ)H&20J&2IHUURDQGRORPLWH$O6L22+NDROLQLWH6L2VLOLFD+2
 .DSXQL JDV ILHOG QDWXUDO DQDORJXH 1HZ =HDODQG >@ &D$O6L2 DQRUWKLWH  )H0J$O6L22+
FKORULWH&2ĺ$O6L22+&D&2 FDOFLWH  )H&2  0J&2 IHUURDQGRORPLWH
6L2VLOLFD
:LWKRQHH[FHSWLRQUHDFWLRQSDWKVWKDWKDYHIUHHLRQVDVUHDFWDQWVRUUHDFWLRQSURGXFWVDUHRPLWWHGLQWKLVSDSHU
VLQFHWKHVHUHDFWLRQVFDQQRWFRQWLQXHIRUORQJGXHWRWKHUHDFWDQWUXQQLQJRXWRUFRQFHQWUDWLRQRIUHDFWLRQSURGXFW
LQFUHDVLQJ WR VXFK DQ H[WHQW WKDW RWKHU PLQHUDOV ZRXOG VWDUW SUHFLSLWDWLQJ XQGHU WKH DVVXPSWLRQ RI D V\VWHP
VXIILFLHQWO\FORVHGWRDTXHRXVLQIORZRXWIORZZLWKODUJHDTXHRXVLQIORZWKHDQDO\VLVZRXOGPRYHLQWRWKHUHDOPRI
VRFDOOHGOHDFKLQJUDWKHUWKDQ&2LQGXFHGPLQHUDODOWHUDWLRQV7KHRQO\UHDFWLRQRIWKLVW\SHLQFOXGHGLQWKHDERYH
OLVWLVFDVHZKLFKZDVFDSSHGVXFKWKDWWKHVDOLQLW\LQFUHDVHLQWKHDEVHQFHRIDTXHRXVIOX[DFURVVWKHERXQGDU\RI
WKHVHOHFWHGURFNYROXPHLVPJ/)RUWKHRWKHUUHDFWLRQVIRUVLPSOLFLW\ LWZDVDVVXPHGWKDW WKHYROXPH
IUDFWLRQRIQHWGLVVROYLQJPLQHUDOVLHο୅Ȁୱǡ଴LV1RWHWKDWWKHVHFKRLFHVRQO\DIIHFWWKHPDJQLWXGHRIWKH
WRWDOSRURVLW\FKDQJHοɔሻDQGQRWWKHUHODWLYHFRQWULEXWLRQVοɔେ୓మȀοɔοɔୌమ୓ȀοɔοɔୗȀοɔοɔ஡Ȁοɔ
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$QRYHUYLHZRIWKHPDJQLWXGHRIWKHIRXUFRQWULEXWLRQVWRWKHWRWDOSRURVLW\FKDQJHDVZHOODVWKHWRWDOSRURVLW\
FKDQJHLWVHOILVSUHVHQWHGLQ)LJ0RUHLQVLJKWIXODUHWKHFURVVSORWVVKRZQLQ)LJDK


)LJ)RUHDFKRIWKHFDVHVWXGLHVIURPOHIWWRULJKWWKHIRXULQGLYLGXDOFRQWULEXWLRQVWRWRWDOSRURVLW\οɔେ୓మοɔୌమ୓οɔୗǢοɔ஡ሻDQGWRWDO
SRURVLW\οɔ7KHXQLWRQWKHYHUWLFDOD[LVLVWKHDEVROXWHSRURVLW\FKDQJHLQLHQRWUHODWLYHWRLQLWLDOSRURVLW\)RUH[DPSOHIRULQLWLDO
SRURVLW\DQGILQDOSRURVLW\οɔ ൌ െʹΨǤ
)LJLOOXVWUDWHVWKDWDWOHDVWZLWKLQWKLVVHWRIFDVHH[DPSOHVWKHGRPLQDQWFRQWULEXWLRQWRWKHWRWDOSRURVLW\
FKDQJHWHQGVWREHWKHDPRXQWRIPLQHUDOLVHG&2IROORZHGE\ERWKWKHDPRXQWRIPLQHUDOLVHG+2DQGWKHGHQVLW\
FKDQJH 7KH SVHXGRVDOLQLW\ FKDQJH FRQWULEXWLRQ LV UHODWLYHO\ PLQRU 7KHVH VWDWHPHQWV DUH VXSSRUWHG E\
FRQVLGHULQJWKHFRUUHODWLRQVLQ)LJDJZKLFKVKRZWKDW
x 7KHDPRXQWRIPLQHUDOLVHG&2LVDUHDVRQDEOHSUHGLFWRUIRUWRWDOSRURVLW\FKDQJH>)LJDRU)LJJ@
x 7KHDPRXQWRIPLQHUDOLVHG+2DQGWKHGHQVLW\FKDQJHFDQEHVLJQLILFDQWFRQWULEXWRUVWRWKHWRWDOSRURVLW\
FKDQJHWKH[D[LVYDOXHUDQJHEHLQJVLPLODUWRWKH\D[LVYDOXHUDQJHEXWDUHEDGSUHGLFWRUVIRUWKHWRWDO
SRURVLW\FKDQJH>)LJEDQG)LJG@
x 7KH SVHXGRVDOLQLW\ FKDQJH  LV RQO\ DPLQRU FRQWULEXWRU WR WKH WRWDO SRURVLW\ FKDQJH WKH [D[LV YDOXH
UDQJHEHLQJPXFKVPDOOHUWKDQWKH\D[LVYDOXHUDQJHDQGLVDEDGSUHGLFWRUIRUWKHWRWDOSRURVLW\FKDQJH
>)LJF@
x 7KHVXPRIWKHFRQWULEXWLRQVIURPPLQHUDOLVHG&2DQGPLQHUDOGHQVLW\FKDQJHLVDJRRGSUHGLFWRUIRUWKH
WRWDOSRURVLW\FKDQJH>)LJH@
x 7KHVXPRI WKHFRQWULEXWLRQVIURPPLQHUDOLVHG&2PLQHUDOLVHG+2DQGGHQVLW\FKDQJH LVDYHU\JRRG
SUHGLFWRU IRU WKH WRWDO SRURVLW\ FKDQJH VKRZLQJ DJDLQ WKDW WKH SVHXGRVDOLQLW\ FRUUHFWLRQ LV
PLQRU>)LJI@
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
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)LJDG&URVVSORWEHWZHHQWRWDOSRURVLW\FKDQJHDQGHDFKRIWKHIRXUFRQWULEXWLRQVWRWRWDOSRURVLW\FKDQJHH&URVVSORWEHWZHHQWRWDO
SRURVLW\FKDQJHDQGWKHFRPELQDWLRQRIFRQWULEXWLRQVDQGPLQHUDOLVHG&2DQGGHQVLW\FKDQJHI&URVVSORWEHWZHHQWRWDOSRURVLW\FKDQJH
DQGWKHFRPELQDWLRQRIFRQWULEXWLRQVDQGPLQHUDOLVHG&2PLQHUDOLVHG+2DQGGHQVLW\FKDQJHJ&URVVSORWEHWZHHQWRWDOSRURVLW\
FKDQJHDQGDPRXQWRIPLQHUDOLVHG&2SHUJURVVURFNYROXPHWKLVLVVLPSO\DGLIIHUHQWSUHVHQWDWLRQRIWKHGDWDLQILJXUHDK&URVVSORW
EHWZHHQDYHUDJHGHQVLW\RIQHWGLVVROYLQJDQGQHWSUHFLSLWDWLQJPLQHUDOV,QDOOSORWVWKHEOXHGLDPRQGVUHSUHVHQWWKHYDOXHVREWDLQHGIURPWKH
FDVHVWXGLHVWKHUHGOLQHDQGEODFNOLQHVDUHLQFOXGHGWRJXLGHWKHH\H,QDOOILJXUHVH[FHSWILJXUHJWKHUHGOLQHLVDOLQHRIXQLWVORSHLQILJXUH
JLWKDVVORSHେ୓మ ɏ୅Τ ZLWKɏ୅NHSWIL[HGDWJFF7KHEODFNOLQHLQHDFKILJXUHLVWKHEHVWOLQHDUILWWKURXJKWKHGDWDSRLQWVZLWKRXW
IRUFLQJLWWRJRWKURXJKWKHRULJLQ5KDVDYDOXHEHWZHHQQRFRUUHODWLRQDQGSHUIHFWFRUUHODWLRQEXWLQVWDWLVWLFDODQDO\VLVLWLVQRUPDOO\
QRWXVHGRQLWVRZQWRGHFLGHZKDWLVDJRRGILW)RURXUSXUSRVHVWZRFULWHULDGHWHUPLQHZKHWKHUWKHTXDQWLW\RQWKH[D[LVLVDUHDVRQDEO\JRRG
SUHGLFWRUIRUWKHTXDQWLW\RQWKH\D[LVWKHEODFNDQGUHGOLQHVVKRXOGQHDUO\RYHUODSWKH5YDOXHVKRXOGEHµFORVH¶WRWKHFORVHUWRWKH
EHWWHUEXWQRKDUGUXOHV
 
)LJK VKRZV WKDW WKH FURVVSORW EHWZHHQ DYHUDJH PLQHUDO GHQVLW\ RI QHW GLVVROYLQJ DQG QHW SUHFLSLWDWLQJ
PLQHUDOV LVD VFDWWHUDURXQG WKH OLQHRIXQLWVORSHZLWKRXWDQREYLRXVELDV WREHDERYHRUEHORZWKLV OLQH7KDW LV
WKHVHDYHUDJHPLQHUDOGHQVLW\EHIRUHDQGDIWHUWKHUHDFWLRQVWHQGWREH WKHVDPH1HYHUWKHOHVV LQLQGLYLGXDOFDVHV
WKH\FDQEHGLIIHUHQWDQGWKLVGLIIHUHQFHFDQJLYHDQDSSUHFLDEOHFRQWULEXWLRQWRWKHSRURVLW\FKDQJHIURP)LJG
EHWZHHQDQGIRUWKLVVHWRIFDVHH[DPSOHV
)RU4XDOLW\&RQWUROSXUSRVHVRIVLQJOHFHOOLHEDWFKJHRFKHPLFDOPRGHOOLQJVWXGLHVWKHµVHOHFWHGURFNYROXPH¶
VHHVHFWLRQLVVLPSO\HTXDOWRWKHPRGHOOHGYROXPH(TXDWLRQVFDQEHDSSOLHGWRWKHILQDOVWDWHRIWKH
PRGHOLHHQGRIVLPXODWLRQDQGWKHQWKHUHVXOWVFDQEHFRPSDUHGWRWKHWUHQGVVKRZQLQ)LJ,WLVDOVRSRVVLEOH
WRGRWKLVIRULQWHUPHGLDWHSRLQWVLQWKHVLPXODWLRQ
)RU 4XDOLW\ &RQWURO RI 5HDFWLYH 7UDQVSRUW 0RGHOOLQJ VWXGLHV RQH FDQ FKRRVH WKH µVHOHFWHG URFN YROXPH¶ DV
GHVLUHGHJWKHHQWLUHPRGHORUHYHQDVLQJOHFHOO+RZHYHULIWKHVHOHFWHGURFNYROXPHLVYHU\VPDOOHJVLQJOH
FHOO WKHQ LWPD\ KDSSHQ WKDW WKH SVHXGRVDOLQLW\ FRQWULEXWLRQ FKDQJH EHFRPHV WKH GRPLQDQW FRQWULEXWRU WR WKH
WRWDOSRURVLW\FKDQJHGXH WR VWURQJ ORFDODTXHRXV WUDQVSRUW HIIHFWV HJ OHDFKLQJ)RU VXFKFDVHV FRPSDULVRQ WR
)LJLVQRWYHU\PHDQLQJIXO+RZHYHUIRUUHJLRQVZLWKORZZDWHUPRELOLW\LQSDUWLFXODUZLWKLQPRVWRIWKHJDV
SOXPH DTXHRXV WUDQVSRUW HIIHFWV VKRXOG EH VPDOO 7KHUHIRUH WKH DQDO\VLV GHYHORSHG LQ WKLV SDSHU LQFOXGLQJ
FRPSDULVRQWR)LJLVVWLOODSSOLFDEOHWRVXFKUHJLRQVLQWKH5HDFWLYH7UDQVSRUW0RGHO
4. Conclusion
,QWKLVSDSHUDULJRURXVERRNNHHSLQJZDVGHYHORSHGIRU&2LQGXFHGSRURVLW\FKDQJHV,QWKLVERRNNHHSLQJWKH
WRWDO SRURVLW\ FKDQJH LV ZULWWHQ DV WKH VXP RI IRXU GLVWLQFW FRQWULEXWLRQV &2 GHPLQHUDOLVDWLRQ +2 GH
PLQHUDOLVDWLRQ SVHXGRVDOLQLW\FKDQJHDQGDYHUDJHPLQHUDOGHQVLW\FKDQJH7KHERRNNHHSLQJZDVDSSOLHG WRD
QXPEHU RI SURMHFW H[DPSOHV DQG UHDFWLRQV GHULYHG IURP QDWXUDO DQDORJXH VWXGLHV UHVXOWLQJ LQ D VHULHV RI FURVV
FRUUHODWLRQVEHWZHHQWRWDOSRURVLW\FKDQJHDQGLWVIRXUFRQWULEXWRUV
7KHPDLQ FRQFOXVLRQ LV WKDW WKHSRURVLW\ FKDQJH LV OLQHDU LQ WKH DPRXQWRIPLQHUDOLVHG&2 DOEHLWZLWK VRPH
VFDWWHUGXHWRWKHHIIHFWRIWKHRWKHUWKUHHFRQWULEXWRUV)LJJ7KHFRUUHODWLRQFRHIILFLHQWGHULYHGE\DOLQHDUILW
WR WKH FDVH H[DPSOHV LV YHU\ FORVH WR WKH RQH SUHGLFWHG LQ WKLV SDSHU HT  7KH FRUUHODWLRQ FRHIILFLHQW LV
QHJDWLYH ZKLFK LV LQWXLWLYH EHFDXVH &2 PLQHUDOLVDWLRQ OHDGV WR PLQHUDO PDVV LQFUHDVH DQG WKHUHIRUH DOO RWKHU
WKLQJVEHLQJWKHVDPHPLQHUDOYROXPHLQFUHDVH)URP)LJJWKHUXOHRIWKXPEHPHUJHVWKDWWKHSRURVLW\FKDQJH
LVOLNHO\WREHQHJDWLYHLI&2LVPLQHUDOLVHG7KHRQO\H[FHSWLRQWRWKLVUXOHRIWKXPELQWKHDERYHFDVHH[DPSOHVLV
WKH ODXPRQWLWH UHDFWLRQ REVHUYHG LQ WKH2WZD\ QDWXUDO DQDORJXH FDVH ,Q WKLV FDVH WKH UHDVRQ WKDW WKH UXOH RI
WKXPE LV YLRODWHG LV WKDW ODXPRQWLWH LV D YHU\ OLJKW PLQHUDO PDNLQJ WKH GHQVLW\ µFRUUHFWLRQ¶ WKH GRPLQDQW
FRQWULEXWLRQ$OVRLWLVZRUWKZKLOHPHQWLRQLQJWKDWWKHODXPRQWLWHUHDFWLRQLVRQO\RQHRIWKHREVHUYHGUHDFWLRQVLQ
WKH2WZD\DQDORJXHVWXGLHVDQGWKDWRWKHUUHDFWLRQVFDXVLQJDGHFUHDVHLQSRURVLW\DUHDFWXDOO\GRPLQDQWGXHWR
WKHUHODWLYHDEXQGDQFHRIODXPRQWLWHDQGWKHRWKHUUHDFWLYHPLQHUDOV
1RWHWKDWYROXPHFKDQJHVDQGUHVXOWLQJSRURVLW\FKDQJHVDUHQRUPDOO\FRPSXWHGE\WKHJHRFKHPLFDO5HDFWLYH
7UDQVSRUW0RGHOOLQJVLPXODWRU)URPWKDWSHUVSHFWLYHWKHIRUPXODVGHULYHGLQWKLVSDSHUDUHUHGXQGDQW+RZHYHUWKH
DQDO\VLV DQG WKH JHQHUDO WUHQGV )LJ SURYLGH DQ LPSRUWDQW WRRO WR XQGHUVWDQG DQG FKHFN WKH SRURVLW\ FKDQJHV
UHSRUWHGE\WKHVLPXODWRU)RUQHZJHRFKHPLFDO5HDFWLYH7UDQVSRUW0RGHOOLQJVWXGLHVLWLVDGYLVDEOHWRFKHFNKRZ
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WKH FDOFXODWHG SRURVLW\ FKDQJH ILWV RQ WKH JHQHUDO WUHQGV VKRZQ LQ WKLV SDSHU HVSHFLDOO\ WKH FRUUHODWLRQ WR
PLQHUDOLVHG&2DQGWRXQGHUVWDQGWKHURRWFDXVHRIDQ\GLVFUHSDQFLHVIURPWKHVHJHQHUDOWUHQGVHJODUJHGHQVLW\
GLIIHUHQFHOLNHLQWKHODXPRQWLWHH[DPSOH
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